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Recently, Berenger introduced a perfectly matched layer (PML)
technique for absorbing electromagnetic waves. In the present pa-
per, a perfectly matched layer is proposed for absorbing out-going
two-dimensional waves in a uniform mean flow, governed by linear-
ized Euler equations. It is well known that the linearized Euler equa-
tions support acoustic waves, which travel with the speed of sound
relative to the mean flow, and vorticity and entropy waves, which
travel with the mean flow. The PML equations to be used at a region
adjacent to the artificial boundary for absorbing these linear waves
are defined. Plane wave solutions to the PML equations are devel-
oped and wave propagation and absorption properties are given.
It is shown that the theoretical reflection coefficients at an interface
between the Euler and PML domains are zero, independent of the
angle of incidence and frequency of the waves. As such, the present
study points out a possible alternative approach for absorbing out-
going waves of the Euler equations with little or no reflection. In
actual computations, nonetheless, numerical reflection will still oc-
cur due to discretization and mesh truncation, depending on the
thickness of the PML domains and absorption coefficients used.
Numerical examples that demonstrate the validity of the proposed
PML equations are presented. Q 1996 Academic Press, Inc.

1. INTRODUCTION

Numerical boundary conditions have always been an
important issue in computational fluid dynamics. In prob-
lems involving wave radiation and convection, such as in
computational acoustics, the physical domains are often
necessarily truncated due to the limitation of a finite com-
putational domain. Thus, at these artificial boundaries, nu-
merical nonreflecting or absorbing boundary conditions
are needed so that the out-going waves are not reflected.
Various computational techniques have been developed
in the past to minimize the reflection of out-going waves.
They include the out-flow boundary conditions based on
the characteristics of the Euler equations [1, 2] and radia-
tion boundary conditions based on the far-field asymptotic
solutions [3–6]. A recent review can be found in Ref. [7].
In addition, a buffer zone technique has been developed
in which the mean flow is altered gradually to be supersonic
in a buffer region adjacent to the artificial boundary [8, 9].

Recently, Berenger introduced a perfectly matched layer
(PML) technique for absorbing electromagnetic waves in
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a finite difference method of solving the Maxwell equations
[10]. In this approach, a PML medium of a certain depth
is introduced in a region adjacent to the artificial boundary
of a computational domain. The equations for the PML
medium are designed such that the out-going electromag-
netic waves are absorbed by the layer with no reflection
(theoretically). Although there are other works that have
this property in a certain limit (e.g., [11]), the novelty of
the PML technique lies in the way the layer equations are
constructed. It leads to very small reflections in computa-
tion. Numerical studies have shown that the PML tech-
nique dramatically reduces the reflection of out-going
waves when compared to several previous methods in elec-
tromagnetics [10, 12].

In this paper, a perfectly matched layer is proposed for
absorbing out-going waves of the linearized Euler equa-
tions for two-dimensional problems. It is well known that
the Euler equations, linearized around a uniform mean
flow, support acoustic waves as well as vorticity and en-
tropy waves. The acoustic waves travel with the speed of
sound relative to the mean flow, while the vorticity and
entropy waves convect downstream with the mean flow.
To apply the PML technique, the computational domain
is divided into the interior domain, where the Euler equa-
tions are used, and PML domains adjacent to artificial
boundaries, where the proposed PML equations are to be
used (Fig. 1). The purpose of the PML domain is to absorb
the out-going waves. It will be shown that the theoretical
reflection coefficients for incident linear waves at an inter-
face between the interior domain and a PML domain are
zero and that the amplitudes of waves that enter the PML
domain decrease exponentially. It will also be shown that
it is true, independent of the angle of incidence and fre-
quency of the waves.

In the next section, equations for the PML domains are
defined. In Section 3, plane wave solutions of the PML
equations are developed and wave propagation and ab-
sorption properties are given. Then, the theoretical reflec-
tion and transmission coefficients at interfaces are calcu-
lated in Section 4. Numerical examples that demonstrate
the validity of the proposed PML equations are provided
in Section 5. Section 6 contains the conclusions.



2. PERFECTLY MATCHED LAYER EQUATIONS

We consider the two-dimensional linearized Euler equa-
tions with a uniform mean flow,
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in which u and v are the velocity components in the x and
y directions, respectively, p is the pressure, and r is the
density. The velocities have been nondimensionalized by
the speed of sound a, the density by r, and the pressure
by ra2, where r is the mean density. For simplicity, a mean
flow of Mach number M in the direction of the x-axis has
been assumed. Situations of a mean flow not aligned with
the x-axis are discussed in the Appendix. It is also assumed
that the mean flow is subsonic, i.e., M , 1.

Equations (1.1)–(1.4) support acoustic waves, which
travel with the speed of sound relative to the mean flow,
and vorticity and entropy waves, which travel with the
mean flow. Our aim is to define a perfectly matched layer
to be used at a region adjacent to the artificial boundary
which absorbs the out-going acoustic, vorticity, and en-
tropy waves with little or no reflection in computation.

Different from [10], here we split u, v, p, and r in Eqs.
(1.1)–(1.4) into subcomponents u1 , u2 , v1 , v2 , p1 , p2 , and
r1 , r2 . We define the following equations for the perfectly
matched layer (PML):
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In the above, sx and sy have been introduced for the
absorption of waves in the layer. They will be called absorp-
tion coefficients in this paper and are assumed to be greater
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FIG. 1. A schematic of computational domain showing the interior
domain and PML domains on the boundary.

FIG. 2. Absorption coefficients on a corner of the computational domain.
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than or equal to zero. It is to be noted that, when sx 5
sy 5 0, Eqs. (2.1)–(2.8) can be reduced to the Euler equa-
tions (1.1)–(1.4) with u 5 u1 1 u2 , v 5 v1 1 v2 , p 5 p1 1
p2 , and r 5 r1 1 r2 . Thus the Euler equations are a special
case of the PML equations. Moreover, the spatial deriva-
tives involve only the total u, v, p, and r which are assumed
to be continuous at interfaces. We also note that two kinds
of interfaces are created, namely, the interfaces between
the interior domain and a PML domain and those between
two PML domains, as shown in Fig. 2. The former, of
course, can be regarded as a special case of the latter.
In the next two sections, we show the wave propagation
and absorption properties within a perfectly matched
layer defined above and calculate the reflection and
transmission coefficients at an interface between two
PML domains.

3. PLANE WAVES IN A PERFECTLY
MATCHED LAYER

Let a plane wave in the PML domain be expressed as

[u1 , u2 , v1 , p1 , p2 , r1 , r2]
(3)

5 [u10 , u20 , v10 , v20 , p10, p20 , r10 , r20]ei(kxx1kyy2gt)

in which a subscript 0 has been used to denote the ampli-
tudes of the components. By substituting (3) into (2.1)–
(2.8), we get

(g 1 isx)u10 5 kx(p10 1 p20) (4.1)

(g 1 isx)u20 5 kxM(u10 1 u20) (4.2)

(g 1 isy)v10 5 ky(p10 1 p20) (4.3)

(g 1 isx)v20 5 kxM(v10 1 v20) (4.4)

(g 1 isx)p10 5 kx(u10 1 u20) 1 kxM(p10 1 p20) (4.5)

(g 1 isy)p20 5 ky(v10 1 v20) (4.6)

(g 1 isx)r10 5 kx(u10 1 u20) 1 kxM(r10 1 r20) (4.7)

(g 1 isy)r20 5 ky(v10 1 v20). (4.8)

It will be shown below that Eq. (4.1)–(4.8) support
acoustic waves, when g 2 kxM 1 isx ? 0, and vorticity
and entropy waves, when g 2 kxM 1 isx 5 0.

3.1. Acoustic Waves

When g 2 kxM 1 isx ? 0, it is easy to find that the
amplitudes of the components in (3) can be expressed in
terms of u10 and v10 as follows:
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u10 (5.1)
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v10 .

In addition, from (4.1) and (4.3), we have the relation
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u10

v10
5

kx

ky
. (6)

Now, by substituting (5.3)–(5.4) into (4.1) and (4.3), we get

(g 1 isx)u10 5
k2

x(g 1 isx)(g 1 isy)u10 1 kxky(g 1 isx)2v10

(g 2 kxM 1 isx)2(g 1 isy)
,

(7.1)

(g 1 isy)v10 5
kxky(g 1 isx)(g 1 isy)u10 1 k2

y(g 1 isx)2v10

(g 2 kxM 1 isx)2(g 1 isy)
,

(7.2)

respectively. For (7.1) and (7.2) to have nontrivial solutions
for u10 and v10 , it is found that the following dispersion
relation for kx , ky , and g has to hold:

(g 2 kxM 1 isx)2(g 1 isy)2

(8)
2 k2

x(g 1 isy)2 2 k2
y(g 1 isx)2 5 0.

However, it has been found more convenient to express
kx and ky in terms of u10 and v10 . On eliminating ky and
kx in the numerators of (7.1) and (7.2), respectively, using
Eq. (6), we obtain

kx 5 6(g 2 kxM 1 isx)
u10

Ïu2
10 1 v2

10

, (9.1)

ky 5 6Sg 2 kxM
g 1 isy

g 1 isx
1 isyD v10

Ïu2
10 1 v2

10

. (9.2)

The positive and negative signs indicate the direction of
wave propagation. The positive sign will be taken in the dis-



cussions followed. For convenience, we express u10 and v10

as

u10 5 A cos f, (10.1)

v10 5 A sin f, (10.2)

where A is a complex number and f is a real number. This
is possible when u10 and v10 have the same phase, i.e., when
u10/v10 is real. It will be shown in Appendix A that u10/v10

is indeed real for solutions of the Euler equations. Thus, it
is sufficient to consider only solutions where u10/v10 is real.

Substituting (10.1)–(10.2) into (9.1)–(9.2) and solving
for kx and ky , we get

kx 5
g 1 isx

1 1 M cos f
cos f, (11.1)

ky 5
g 1 isy

1 1 M cos f
sin f. (11.2)

With these expressions, further simplifications can be made
for the amplitudes in (5.1)–(5.6). As a result, the plane
wave solution to (4.1)–(4.8) can be expressed as

1
u1

u2

v1

v2

p2

p2

r1

r2

25 A1
cos f

M cos2 f

sin f

M cos f sin f

cos2 f 1 M cos f

sin2 f

cos2 f 1 M cos f

sin2 f

2 (12)

eigS cos f

11M cos f
x1

sin f

11M cos f
y2tD e2

sx cos f

11M cos f
x2

sy sin f

11M cos f
y.

It is easy to see that the above expression represents a
wave propagating with the speed of sound (which is unity
in the nondimensional variables) relative to the mean flow
in the direction making an angle f with respect to the x-
axis [13]. This solution, thus, represents the acoustic wave
in the PML domain. Furthermore, when sx or sy is not
zero, the magnitude of the wave decreases exponentially
as it propagates in the x or y direction, respectively.

3.2. Vorticity and Entropy Waves

When g 2 kxM 1 isx 5 0, it follows immediately that

kx 5
g 1 isx

M
. (13)

Under this condition, it also follows that u10 5 0, v10 5 0,
and p10 1 p20 5 0 by (4.2), (4.4) and (4.1) or (4.3), respec-
tively. Equations (4.1)–(4.8) now admit vorticity-like and
entropy-like solutions. For convenience, we express u20 ,
v20 , and r10 as

u20 5 2B sin c, (14.1)

v20 5 B cos c, (14.2)

r10 5 C. (14.3)

Then, ky for the vorticity wave is found to be

ky 5
g 1 isy

M
tan c

and the plane wave solution to (4.1)–(4.8) can be ex-
pressed as

1
u1

u2

v1

v2

p1

p2

r1

r2

251
0

2B sin c

0

B cos c

2B(sin c)/M

B(sin c)/M

C

B(sin c)/M

2 eigS 1
M

x1
tan c

M
y2tD e2

sx

M
x2

sy tan c

M
y.

(15)

We remark that the constants B and C independently rep-
resent the vorticity and the entropy waves. Since each
component is of the form f (x/M 2 t, y)e2(sx/M)x, the waves
are convected with the mean flow at a speed that is equal
to M. Furthermore, when sx is greater than zero, the magni-
tude is decreased exponentially in x. It is worth pointing
out that the vorticity waves do not contribute to the u1

and v1 components in the PMI equations.

4. REFLECTION AND TRANSMISSION AT AN
INTERFACE BETWEEN TWO PERFECTLY

MATCHED LAYERS

We now consider the wave reflection and transmission
at an interface between two PML domains. This, of course,
includes the interface between the interior domain and a
PML domain. As in the PML technique for electromag-
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netic waves [10], the absorbing coefficients, sx and sy , will
be chosen such that sy is the same across an interface normal
to x and sx is the same normal to y. Since the Euler equations
for the interior domain can be considered as PML equations
with both absorption coefficients being zero, sy or sx will
be consequently zero across an interface normal to x or y
between an interior domain and a PML domain. This is as
shown in Fig. 2. In what follows we show that the reflection
coefficient at an interface downstream normal to x is zero
for incident acoustic, vorticity, and entropy waves. Similar
results can be established analogously for other interfaces.

Let the interface be located downstream at x 5 0 and
let the absorption coefficients be sx1 and sy on one side
and sx2 and sy on the other (Fig. 3). For a subsonic mean
flow, the possible reflection is an acoustic wave. Then, by
the results of the previous section, the incident, reflected,
and transmitted waves can be expressed as follows:

(a) incident wave:

1
u1

u2

v1

v2

p1

p2

r1

r2

25 Ai1
cos fi

M cos2 fi

sin fi

M cos fi sin fi

cos2 fi 1 M cos fi

sin2 fi

cos2 fi 1 M cos fi

sin2 fi

2
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11M cos fi
x1

sin fi

11M cos fi
y2tD e2

sx1 cos fi

11M cos fi
x2

sy sin fi

11M cos fi
y (16.1)
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0
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0
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2Bi sin ci/M

Bi sin ci/M

Ci

Bi sin ci/M

2 eigS 1
M

x1
tan ci

M
y2tDe2

sx1

M
x2

sy tan ci

M
y

(b) reflected wave:

1
u1

u2

v1

v2

p1

p2

r1

r2

25 Ai1
2cos fr

M cos2 fr

sin fr

2M cos fr sin fr

cos2 fr 2 M cos fr

sin2 fr

cos2 fr 2 M cos fr

sin2 fr

2 (16.2)

eigS2
cos fr

12M cos fr
x1

sin fr

12M cos fr
y2tD e

sx1 cos fr

12M cos fr
x2

sy sin fi

12M cos fr
y

(c) transmitted wave:

1
u1

u2

v1

v2

p1

p2

r1

r2

25 Ai1
cos ft

M cos2 ft

sin ft

M cos ft sin ft

cos2 ft 1 M cos ft

sin2 ft

cos2 ft 1 M cos ft

sin2 ft

2
eigS cos ft

11M cos ft
x1

sin ft

11M cos ft
y2tD e2

sx2 cos ft

11M cos ft
x2

sy sin ft

11M cos ft
y (16.3)

11
0

2Bi sin ct

0

Bt cos ct

2Bt sin ct/M

Bt sin ct/M

Ct

Bt sin ct/M

2 eigS 1
M

x1
tan ct

M
y2tDe2

sx2

M
x2

sy tan ct

M
y.

The angles of the acoustic waves are as indicated in Fig. 3.
At the interface, we impose the condition that u1 1 u2 ,

v1 1 v2 , p1 1 p2 , and r1 1 r2 be continuous. Since this
continuity is true for all values of y along the interface,
it follows that the coefficients of y in the exponents of



(16.1)–(16.3) must be the same for all the incident, re-
flected, and transmitted waves. This yields

sin fr

1 2 M cos fr
5

sin fi

1 1 M cos fi
,

sin ft

1 1 M cos ft
5

sin fi

1 1 M cos fi
,

tan ct 5 tan ci .

(Here, tan ci/M 5 sin fi/(1 1 M cos fi) has been assumed
for the incident waves.) From above, it is found that

fr 5 2 tan21 S1 2 M
1 1 M

tan
fi

2D , (17.1)

ft 5 fi , (17.2)

ct 5 ci . (17.3)

Furthermore, by the continuity of u1 1 u2 , v1 1 v2 , p1 1
p2 , and r1 1 r2 , we have

Ai(1 1 M cos fi) cos fi 2

Ar(1 2 M cos fr) cos fr 2 Bi sin ci

5 At(1 1 M cos ft) cos ft 2 Bt sin ct ,

Ai(1 1 M cos fi) sin fi 1

Ar(1 2 M cos fr) sin fr 1 Bi cos ci

5 At(1 1 M cos ft) sin ft 1 Bt cos ct ,

Ai(1 1 M cos fi) 1 Ar(1 2 M cos fr)

5 At(1 1 M cos ft),

Ai(1 1 M cos fi) 1 Ar(1 2 M cos fr) 1 Bi
sin ci

M
1 Ci

5 At(1 1 M cos ft) 1 Bt
sin ct

M
1 Ct .

Applying (17.1) and (17.3), the above equations can be
rewritten as a linear system of four homogeneous equations
for Ai 2 At , Ar , Bi 2 Bt , and Ci 2 Ct and the coefficient
determinant is found to be

2(1 1 M cos fi)(1 2 M cos fr) cos Sfi 1 fr

2 D
cos Sci 2

fi 2 fr

2 D .

It is straightforward to verify that the above is not zero
for any angle of incidence and, thus, the only solution is

Ar 5 0, (18.1)

At 5 Ai , (18.2)

Bt 5 Bi , (18.3)

Ct 5 Ci . (18.4)

Therefore, Eqs. (17.1)–(17.3) and (18.1)–(18.4) demon-
strate that at an interface between two PML domains
downstream normal to the x-axis with absorption coeffi-
cients (sx1 , sy) and (sx2 , sy), respectively, the reflection is
null and the transmitted waves maintain the same direction
and amplitude as the incident waves at the interface. This
has been shown to be independent of the angle of incidence
and frequency of the waves.

5. NUMERICAL EXAMPLES

Three numerical examples are presented in which the
mean flow is in the direction of the x-axis or at a 458 angle
with the x-axis and Gaussian shaped acoustic, vorticity,
and entropy pulses are initiated in the interior domain at
t 5 0. The first two examples have four open boundaries,
while the third example has a solid wall at one boundary.
The purpose of these examples is to demonstrate the valid-
ity of the proposed PML equations.

The implementation of the PML equations in a finite
difference scheme can be straightforward, since the spatial
derivatives involve only the total u, v, p, and r. A central
difference scheme has been used for spatial discretization
in the examples. In particular, a fourth-order 7-point ex-
plicit central difference scheme is adopted [6]. Time inte-
gration is carried out by a fourth-order Runge–Kutta
scheme, optimized for low-dissipation and low-dispersion
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FIG. 3. A schematic showing the angles of the acoustic waves at
an interface.
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errors [14]. Moreover, according to Fourier analysis, a cen-
tral difference scheme can only resolve a limited range of
long waves [15]. For numerical stability, it is desirable
that the short-wave components be damped or filtered
in computation, especially now that the time integration
scheme is essentially nondissipative. In the present calcula-
tions, numerical filtering has been utilized to filter the short
waves. In particular, a 10th-order numerical filter is used,
which modifies the wavenumber spectrum by a factor of

1 2 sin10(k Dx/2),

where k is the wavenumber and Dx is the grid spacing.
This is chosen so that it reduces only the amplitude of the
short waves that are not resolved by the central difference
scheme while it leaves the resolved waves nearly un-
changed. For periodic data, the filter is applied with FFT.
Otherwise, an 11-point formula is used [15]. We point out
that, without the filtering in the present scheme, numerical
instability has been observed in the PML domains. How-
ever, no instability is found with the application of the filter.

Since a wide stencil has been used here, the absorption
coefficients are varied gradually in the PML domain. Spe-
cifically, the following form has been used for sx and sy

in the calculations presented:

s 5 sm(d/D)b,

where D is the thickness of the PML domain and d is the
distance from the interface with the interior domain.

At the end of a PML domain, certain boundary condi-
tions, such as a solid wall condition or a certain radiation
boundary condition, can be applied. If this is the case, the
wave is reflected and, when it reenters the interior domain,
the total reflection factor can be estimated as

e2
2smD

b11
cos f

12M2 cos2 f

for the acoustic wave in a PML domain normal to x [10].
The absorption for the vorticity and entropy waves at the
end of a PML domain is estimated as

e2smD/M(b11).

The parameters of the layer can thus be adjusted for the
desired absorption. We note that the absorption of vorticity
and entropy waves is reduced as the Mach number M
increases. This, however, can be compensated by adjusting
sm or D. The choice of b depends on the balance of two
factors, namely, the gradualness of s variation and the
effectiveness of the layer. Experience suggests that a value
of smD/(b 1 1) P 8 would give satisfactory results.

In the first two examples, however, since the numerical

solutions are decaying exponentially toward the edges of
the computational domain, due to the presence of four
PML domains, a periodic boundary condition is used at
the end of the PML domains for computing the spatial
derivatives. This eliminates the need of backward differ-
ences. Consequently, this will result in the out-going wave
traveling in the two opposite PML domains and the reflec-
tion factor for the acoustic wave is now

e2
2smD

b11
cos f

16M cos f ,

where the 1 and 2 signs are for the right and left traveling
waves, respectively. We note that the reflection factor for
acoustic waves varies with the wave angle. There will be,
for instance, little absorption in a layer normal to x for
waves with f close to 6f/2. These, however, are absorbed
by the layers normal to the y-axis [10]. Moreover, since
the solution is treated as periodic in x and y, spectral
filtering with FFT is employed.

The initial conditions are adopted from the benchmark
problems of computational aeroacoustics [16]:

r 5 e2(ln 2)
(x2xa)21(y2ya)2

9 1 0.1e2(ln 2)
(x2xb)21(y2yb)2

16 ,

p 5 e2(ln 2)
(x2xa)21(y2ya)2

9 ,

and

u 5 0.05(y 2 yb)e2(ln 2)
(x2xb)21(y2yb)2

16 ,

v 5 20.05(x 2 xb)e2(ln 2)
(x2xb)21(y2yb)2

16 .

The above equations include an acoustic pulse centered
at (xa , ya) and a vorticity and an entropy pulse both cen-
tered at (xb , yb).

In the first example, the mean flow is in the direction
of the x-axis with M 5 0.5. The computational domain is
[260, 60] 3 [260, 60], where Dx 5 Dy 5 1 and a PML
domain of 10 grid points has been used around the four
sides. Thus, the interior domain where the Euler equations
are applied is [250, 50] 3 [250, 50]. The initial center of
the acoustic pulse is (xa , ya) 5 (225, 0) and that of the
vorticity and entropy waves is (xb , yb) 5 (25, 0). For the
present calculations, sm 5 b 5 2 has been taken. For the
chosen dissipation rate, the time step is within the stability
limit of the Runge–Kutta scheme used. Specifically, the
5–6 optimized scheme of [14] has been used. The contours
of computed r and u are shown in Figs. 4 and 5 for time
t 5 10, 40, 50, and 70. In Fig. 6, contour plots of r within
the PML domain are shown for the right boundary. Clearly,
no visible reflection is seen in the contour plots as the
pulses exit the boundaries. Comparisons with the exact
solution are shown in Fig. 7 for density along the line



y 5 0. Good agreement is observed. In the second example,
the mean flow is in the direction making a 458 angle with
the x-axis and Mx 5 My 5 0.5 sin(f/4). The initial locations
of the pulses are (xa , ya) 5 (215, 215) and (xb , yb) 5
(30, 30). Equations given in Appendix B are used in the
PML domains for this example. Contours of r and u are
shown in Figs. 8 and 9 and comparisons with the exact
solution along the line x 5 y are shown in Fig. 10. Again,
good agreement is found.

To study the effects of the PML domain thickness on
the reflection in computation, numerical solutions are com-
puted with different PML domain thicknesses and com-
pared with a reference solution. The reference solution is
obtained by using a larger computational domain so that
it is not affected by the boundary condition. In Fig. 11, the
maximum difference of the pressure between the com-
puted and the reference solutions along the line x 5 48 is
shown as a function of time. This measures the magnitude
of the reflected wave at the out-flow boundary. PML do-

mains with 6, 8, 10, and 16 grid points have been used. It
is seen that reflection is reduced as the PML domain thick-
ness increases. For reference purposes, results using an
asymptotic-solution-based boundary condition, given in
[6], are also shown in Fig. 11. The initial center of the
acoustic pulse, (225, 0), is used as the origin in the asymp-
totic solution. Considering that the out-going waves have a
magnitude around 0.1, satisfactory results can be obtained
with a PML domain thickness as small as eight grid points,
which gives comparable errors with the asymptotic-solu-
tion-based boundary condition. We also note that the re-
quired thickness of the PML domain is independent of the
size of the interior domain.

The third example simulates the reflection of an acoustic
pulse by a solid wall with a mean flow M 5 0.5. The
computational domain is [260, 60] 3 [0, 110] and the solid
wall is located at y 5 0, where v 5 0 is applied [14]. A
PML domain of 10 grid points has been used around the
other three sides. At t 5 0, an acoustic pulse of half width
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FIG. 4. Density contours at values of 60.1, 60.05, 60.01, and 60.005, showing the acoustic and the entropy pulses. M 5 0.5. (a) t 5 10, (b)
t 5 40, (c) t 5 50, (d) t 5 70.
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5 is initiated at (xa , ya) 5 (225, 30). Since the solution
cannot be treated as being periodic in the y direction in
this example, backward difference schemes of [17] are used
for computing y derivatives near the upper and lower
boundaries. A solid wall condition is applied at the end of
the upper PML domain. Pressure contours are shown in
Fig. 12. It is seen that, although the pulse width is larger
than that in the first two examples, the results are satisfac-

tory when the same PML domain thickness is used. The
reflection error is also assessed in Fig. 13 in which the
maximum pressure difference of the computed and the
reference solutions along the line x 5 48 is plotted as a
function of time. Again, the numerical reflection is reduced
as the PML domain thickness increases. The asymptotic-
solution-based boundary condition, assuming (225, 0) as
the origin, however, gives a larger reflection in this case.

FIG. 5. u velocity contours at values of 60.1, 60.05, 60.01, and 60.005, showing the acoustic and the vorticity pulses. M 5 0.5. (a) t 5 10, (b)
t 5 40, (c) t 5 50, (d) t 5 70.
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FIG. 6. Density contours near the right boundary, showing the decaying of the waves in the PML domain. (a) t 5 40, (b) t 5 50, (c) t 5 60,
(d) t 5 70.
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FIG. 7. Density along the line y 5 0. M 5 0.05. exact, s numerical. (a) t 5 40, (b) t 5 50, (c) t 5 70.
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FIG. 8. Density contours at values of 60.1, 60.05, 60.01, and 60.005, showing the acoustic and the entropy pulses. Mx 5 My 5 0.5 sin(f/4).
(a) t 5 10, (b) t 5 40, (c) t 5 50, (d) t 5 70.
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FIG. 9. u velocity contours at values of 60.1, 60.05, 60.01, and 60.005, showing the acoustic and the vorticity pulses. Mx 5 My 5 0.5 sin(f/4).
(a) t 5 10, (b) t 5 40, (c) t 5 50, (d) t 5 70.
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FIG. 10. Density along the line x 5 y. Mx 5 My 5 0.5 sin(f/4). The horizontal axis r is the distance from center (0, 0). exact, s

numerical. (a) t 5 40, (b) t 5 50, (c) t 5 70.
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FIG. 11. Maximum pressure difference of the computed and the reference solutions along x 5 48 as a function of time. M 5 0.5. Indicated are
the number of grid points in PML domains used. Dotted line is the result when an asymptotic solution based boundary condition is used for uxu,
uyu . 50.
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FIG. 12. Pressure contours at values of 60.1, 60.05, 60.01, and 60.005, showing the reflection of the acoustic pulse by a solid wall located at
y 5 0. M 5 0.5. (a) t 5 10, (b) t 5 40, (c) t 5 60, (d) t 5 90.
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FIG. 13. Maximum pressure difference of the computed and the reference solutions along x 5 48 as a function of time. M 5 0.5. A solid wall
is located at y 5 0. Indicated are the number of grid points in PML domains used. Dotted line is the result when an asymptotic solution based
boundary condition is used.



6. CONCLUSIONS

A perfectly matched layer is proposed for absorbing the
linear waves of the Euler equations. Wave propagation
and absorption properties are given for the PML equations.
It is shown that a PML domain so defined is capable of
absorbing out-going acoustic, vorticity, and entropy waves
with no reflection (theoretically). In actual computations,
however, the reflection error will depend on the thickness
and the parameters of the PML domain. As such, the
present study points out a possible alternative approach
for absorbing out-going waves of the Euler equations with
little reflection in computation. Moreover, numerical ex-
amples that demonstrate the validity of the proposed PML
equations are presented.

We remark that, unlike boundary conditions based on
asymptotic solutions, it is not necessary to apply the PML
equations at far fields. Although it results in solving more
equations in the PML domains, the extra work could be
justified by a reduced size of the necessary computational
domain. The PML equations also apply where an asymp-
totic solution is not available. In addition, the no-reflection
and absorption properties are independent of the fre-
quency of the waves. This implies that the required layer
thickness may be determined independent of the wave-
length of the out-going waves. The PML technique also
suggests the possibility of using periodic conditions for
computing spatial derivatives in certain cases, such as those
in the numerical examples.

APPENDIX A: LINEAR WAVES OF THE
EULER EQUATIONS

Plane wave solutions of (1.1)–(1.4) can be expressed
as [13]

1
u

v

p

r
25 A9 1

cos f

sin f

1

1
2 eigS cos f

11M cos f
x1

sin f

11M cos f
y2tD

1 1
2B9 sin c

B9 cos c

0

C9
2 eigS x

M
1

tan c

M
y2tD ,

in which A9, B9, and C9 represent the magnitudes of the
acoustic, vorticity, and entropy waves, respectively.

It is, of course, possible to rewrite the above as a solution
to the PML equations with sx 5 sy 5 0. The process is

straightforward using (4.1)–(4.8) and (5.1)–(5.6). In partic-
ular, we note that the vorticity and entropy waves do not
contribute to the u10 and v10 components. Moreover, by
(5.1)–(5.2), we have u10/v10 5 (u10 1 u20)/(v10 1 v20). Then,
it follows that u10/v10 5 uacoustic/vacoustic . Thus, u10/v10 is real
for solutions of the Euler equations.

APPENDIX B: PML EQUATIONS FOR A MEAN FLOW
IN A GENERAL DIRECTION

For a mean flow not parallel to the x-axis, the linearized
Euler equations are

­u
­t

1 Mx
­u
­x

1 My
­u
­y

5 2
­p
­x

(B1.1.)

­v
­t

1 Mx
­v
­x

1 My
­v
­y

5 2
­p
­y

(B1.2)

­p
­t

1 Mx
­p
­x

1 My
2p
2y

5 2S­u
­x

1
­v
­yD (B1.3)

­r

­t
1 Mx

­r

­x
1 My

­r

­y
5 2S­u

­x
1

­v
­yD , (B1.4)

where Mx and My are the mean velocities in the x and y
directions, respectively.

It has been found necessary to split u and v into three
subcomponents. We propose the following PML equations:

­u1

­t
1 sxu1 5 2

­(p1 1 p2)
­x

(B2.1)

­u2

­t
1 sxu2 5 2Mx

­(u1 1 u2 1 u3)
­x

(B2.2)

­u3

­t
1 syu3 5 2My

­(u1 1 u2 1 u3)
­y

(B2.3)

­v1

­t
1 syv1 5 2

­(p1 1 p2)
­y

(B2.4)

­v2

­t
1 sxv2 5 2Mx

­(v1 1 v2 1 v3)
­x

(B2.5)

­v3

­t
1 syv3 5 2My

­(v1 1 v2 1 v3)
­y

(B2.6)

­p1

­t
1 sxp1 5 2

­(u1 1 u2 1 u3)
­x

2 Mx
­(p1 1 p2)

­x
(B2.7)

­p2

­t
1 syp2 5 2

­(v1 1 v2 1 v3)
­y

2 My
­(p1 1 p2)

­y
(B2.8)

­r1

­t
1 sxr1 5 2

­(u1 1 u2 1 u3)
­x

2 Mx
­(r1 1 r2)

­x
(B2.9)
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­r2

­t
1 syr2 5 2

­(v1 1 v2 1 v3)
­y

2 My
­(r1 1 r2)

­y
. (B2.10)

The solutions of (B2.1)–(B2.10) can be found analo-
gously following Section 3. In particular, the wavenumbers
kx and ky of the acoustic solution are found to be

kx 5
g 1 isx

1 1 Mx cos f 1 My sin f
cos f,

ky 5
g 1 isy

1 1 Mx cos f 1 My sin f
sin f.

It can again be established that reflection is null at inter-
faces.

We also note that when there is no mean flow, i.e.,
Mx 5 My 5 0, it is not necessary to split u and v. This will
result in six equations for the PML domain by deleting
(B2.2), (B2.3), (B2.5), and (B2.6).
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